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Abstract—In this paper, a novel multitaper modified group de-
lay function-based representation for speech signals is proposed.
With different set of phoneme-based experiments, it is shown that
the proposed method performs better that an existing multitaper
magnitude (MT-MAG) estimation technique, in terms of variance
and MSE, both in spectral- and cepstral-domains. In particular,
the performance of MT-MOGDF is found to be the best with
the Thomson tapers. Additionally, the utility of the MT-MOGDF
technique is highlighted in a speaker recognition experimental
setup, where an improvement of around 20% compared to the
next-best technique is obtained. Moreover, the computational
requirements of the proposed technique is comparable to that
of MT-MAG. The proposed feature can be used in for many
speech-related applications; in particular, it is best suited among
those that require information of speaker and speech.
Index Terms—Multitaper methods, modified group delay func-
tions, spectrum estimation, low-variance techniques, speaker
recognition.
I. INTRODUCTION
Representation of a speech signal is challenging, as it con-
tains manifold information about speaker, speech, language,
accent, emotion, etc. . While the speaker information is nor-
mally represented by the fine harmonic structure in the spec-
trum, the speech information is embedded in the envelope of
the spec. Spectral-domain representations are widely employed
in many applications, and hence obtaining a good estimate of
speech spectrum is a key requirement. A simple procedure is
to compute the DFT of the autocorrelation sequence of a given
speech signal, which is known as the periodogram estimate.
However, the periodogram estimate has a large variance [1],
and a better estimate can be obtained by multiplying the
frame of the speech signal with a window function that is
tapered toward the ends of the signal frame. The variance of
the estimated spectrum can be further reduced by averaging
multiple realizations of the same random process [2], which in
the case of speech corresponds to same utterances spoken by
either a single or different speakers. Use of multiple orthonor-
mal windows [3], instead of a single window as proposed
in the former method, yields lower variance by combining
the advantages of windowing and averaging. However, this
also reduces the spectral resolution. We term this technique
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as multitaper magnitude (MT-MAG) based estimation, whose
analysis and performance benefits are extensively discussed in
[4].
Alternatively, the phase spectrum of a speech signal contains
information about the resonances of the vocal tract in its
transitions, and is known to provide a representation which
is similar to the magnitude spectrum [5]. Towards this end,
the group delay function (GDF) [5] was defined, which obtains
the transitions in the phase spectrum by computing its negative
derivative. It is known that the peaks and valleys in the GDF of
speech corresponds to the resonances and anti-resonances of
the vocal tract, respectively. Additionally, the GDF accurately
captures the Formant information in the speech signal, since
the phase spectrum is immune to additive degradations on the
speech signal [6]. However, the GDF suffers from spurious
peaks that are caused due to the zeros located near the
unit circle of the z-plane. To alleviate this, a two-parameter
modified group delay function (MOGDF) was proposed in [],
which used a cepstrally smoothed version of the spectrum is
employed to reduce the spuriousness in the GDF.
In this paper, a novel speech representation is proposed by
processing the phase spectrum – in terms of the MOGDF –
of speech signals multiplied with a set of orthonormal tapers.
This new representation, termed as the multitaper MOGDF
(MT-MOGDF), has the collective advantage of MOGDF and
performance benefits obtained by employing multiple tapers.
Through experimental results, we show that the proposed tech-
nique has lower variance and lower mean squared error (MSE)
as compared to the MT-MAG technique, in both spectral-
and cepstral-domains. Also, the high resolution property of
MOGDF is retained in this representation, which is useful in
several applications. As a case study, an application of speaker
recognition with varying number of speakers is considered,
and is shown that MT-MOGDF performs the best as compared
to all the other techniques listed above, owing to its low
variance advantage.
The remainder of the paper is organized as follows. The
existing spectral estimation techniques and the proposed mul-
titaper modified group delay representation are given in Sec. II.
A detailed study on the performance of the proposed technique
in comparison to MT-MAG with bias, variance and mean
squared error measures for different types and number of
tapers is discussed in Sec. III. Performance improvements due
to MT-MOGDF as compared to the other techniques for a
speaker recognition application are highlighted in Sec. IV.
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2II. MULTITAPER MODIFIED GROUP DELAY FUNCTION
REPRESENTATION
The GDF provides a meaningful representation of the vocal
tract information by processing phase spectrum of the speech
signal [6]. Consider the spectrum of a speech signal s(t) given
by
S(ω) = |S(ω)|eθ(ω), ω ∈ R, (1)
where |S(ω)| and θ(ω) are the magnitude and phase spectra
of the speech signal, respectively. The GDF is defined as
τ(ω) = −dθ(ω)
dω
. (2)
The GDF exhibits near-squared magnitude behaviour at the
resonances, but exhibits spurious spikes if the zeros are located
near unit circle in the z-plane. To minimize the effect of
these peaks, a modified group delay function (MOGDF) was
proposed, which alleviates the spuriousness by scaling down
the power spectrum [7], and by radially moving the zeros
towards the origin. The MOGDF is defined as
τm(ω) =
τ(ω)
|τ(ω)| (|τ(ω)|)
α
, 0 < α ≤ 1, (3)
where
τ(ω) =
XR(ω)YR(ω) +XI(ω)YI(ω)
|ξ(ω)|2γ , 0 < γ ≤ 1. (4)
Here, X(ω) is the Fourier spectrum of a speech signal
frame x(n), and Y (ω) is the Fourier spectrum of nx(n). The
subscripts R and I denote the real and imaginary parts of the
spectrum. ξ(ω) is the cepstrally smoothed spectrum of S(ω).
Parameters α and γ are tuned to reduce the spurious spikes in
the group delay spectrum.
A simple estimate of the spectrum is obtained by computing
the DFT of the autocorrelation sequence of a given speech
signal, known as the periodogram estimate. However, the
periodogram estimate has a large variance [1], which can
be reduced either by multiplying the time-domain speech
signal by a tapered window, or by averaging over multiple
realizations. The multitaper (MT) technique [4] combines both
these advantages. An MT-based periodogram spectral estimate
was proposed in [4], which was shown to exhibit smoothness
with lower variance. Termed as MT-based magnitude spectrum
(MT-MAG), this estimate is given by [4]
Ŝ(ω) =
N∑
j=1
λ(j)
∣∣∣∣∣
M−1∑
t=o
wj(t)x(t)e
−i2pitf/Nf
∣∣∣∣∣
2
, (5)
where x(t) is the time-domain speech signal, wj =
[wj(0), wj(1), . . . , wj(M − 1)]T is a set of N orthogonal
tapers, and λ(j) is a weight assigned to each of the tapers,
j = 1, 2, 3, . . . , N . These tapers are chosen such that the
errors in estimating the sub-spectra are nearly uncorrelated
in frequency-domain. It is known that the variance of the
multitaper magnitude (MT-MAG) spectrum follows
V [Sˆ(ω)] ≈ 1
N
|S(ω)|2. (6)
In this paper, a novel multitaper MOGDF (MT-MOGDF)
function for spectrum estimation in speech signals is proposed.
The performance is analyzed in terms of a bias-variance study.
The MT-MOGDF estimate of Ŝ(ω) is defined as
ŜmG(ω) =
N∑
j=1
λ(j)τjm(ω) (7)
where τjm(ω) is the MOGDF function for the speech frame
as given in (3) is multiplied by the jth taper and λ(j) is the
associated weight of the taper. Further, the choice of the tapers
based on the number and shape is elaborated in [4]. To analyze
the performance of the MT-MOGDF, the bias, variance and
mean squared error (MSE) of the log spectrum are defined as
B[SˆmG(ω)] = E[log(SˆmG(ω))]− log(ST (ω)), (8)
V [SˆmG(ω)] = E[log(SˆmG(ω)2)]− E[log(SˆmG(ω))]2, (9)
MSE(SˆmG(ω)) = B[SˆmG(ω)]
2 + V [SˆmG(ω)]. (10)
Speech signals are modeled as concatenation of basic units in
sound perception called phonemes, which are further divided
into vowels and non-vowels. The vowels form a significant
part of the speech signal as the energy concentration is more
in these regions. Spectrum in vowel-like regions of the speech
signal has peaks centred around the resonances of the vocal
tract. Also, there would be no constrictions along the vocal
tract when the vowels are produced. Hence, the formant
locations are significant for spectrum estimation. The proposed
MT-MOGDF exploits this key requirement. Among the non-
vowels, an extreme type are the sounds of fricatives. These
sounds have a flattened spectrum and varies largely across
speakers. Therefore, energy-based representations may not be
sufficient to model these sounds.It is shown that MT-MOGDF
provides a better representation even in this case, with an
appropriate choice of taper.
Most applications in speech processing use the features in
cepstral-domain as a better representation. Moreover, the vari-
ance and bias improvements in spectral-domain are intuitively
reflected in the cepstral domain. Towards this end, a detailed
performance study is considered in the cepstral-domain, as
elaborated in the next section. The cepstrum is computed as
Ĉ = DCT{log(ŜmG(ω))}. (11)
DCT is used for compactness in the representation [8].
III. EXPERIMENTAL RESULTS AND DISCUSSION
The phoneme instances are obtained from DR7 directory of
TIMIT database []. 250 instances of the vowel /a/, and fricative
/s/ are collected from different speakers uniformly randomly.
Frames of 10 ms with an overlap of 50% is considered. This
set of frames serves as a set of multiple realizations of the
same underlying random process. These are used to obtain the
sample mean of the speech signal, whose spectrum is assumed
to be the true mean. A total of Ns = 11204 for /a/, and
Ns = 15064 for /s/ instances are extracted.
The MT-MOGDF spectrum is computed as given in (7).
Comparison of MT-MAG and MT-MOGDF estimates for the
above setup with different types of tapers, namely, Thomson,
SWCE and multipeak tapers are shown in Fig. 1. The MT-
MAG spectrum is boosted by 5 dB for visual clarity. It
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Fig. 1. Estimated spectrum for a speech frame in a vowel-like region. The MT-MOGDF simultaneously restores smoothness in spectrum like MT-MAG, and
preserves the Formant location information, unlike MT-MAG.
can be observed that MT-MOGDF and MT-MAG are simi-
lar in tracking the envelope of the speech signal. However,
the number of formants obtained in MT-MOGDF is better
which serves as an added advantage over MT-MAG. This is
expected, owing to the high resolution property of the MOGDF
function [5]. Note that the comparison with the periodogram
estimate is omitted since MT-MAG is known to outperform the
periodogram-based estimate in terms of bias and variance [4].
Note that the spectrum obtained by MT-MAG is smoother, and
as N increases, MT-MOGDF also gives a smoother spectrum.
Additionally, information on formant locations is lost in MT-
MAG as N increases, while it is retained in MT-MOGDF.
Next, the performances are studied of MT-MOGDF and MT-
MAG in terms of bias and variance measures. The performance
comparison of these two methods is considered with Thomson
and multipeak tapers in Figs. 2 and 3, respectively. In both
cases, it is observed that MT-MOGDF gives a lesser variance,
albeit with a larger bias. An important key feature of the
multitaper technique, i.e., reduction in variance with N as
governed by (6), is retained even in the case of MT-MOGDF.
In other words, the trend dictated by using the multitaper [9]
technique holds good irrespective of whether magnitude or
phase is employed for estimation. A trend of lower variance
for a larger band frequency can be observed in MT-MOGDF
than the MT-MAG technique. This is important as the Formats
located in frequencies that are greater than 1 kHz should be
captured. Usage of a multipeak taper almost uniformly reduces
variance over all frequencies. The MT-MOGDF technique
works especially well with the Thomson taper, because of
its ability to retain the Formant structure. This bias-variance
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Fig. 2. Bias and variance of the spectrum for Thomson taper with MT-
MAG (left), and MT-MOGDF (right) for different number of tapers for the
phoneme /a/ . MT-MOGDF best-fit representation leads to a larger bias, but
lesser variance in comparison to MT-MAG best-fit representation.
tradeoff between the two techniques becomes clear with the
notion of MSE, which will be explored next. Note that the
MSE depends directly on the variance and square of the bias
term, and hence the sign of the bias is also important.
Fig. 4 shows the bias, variance and MSE variation of MT-
MOGDF and MT-MAG with Thomson and multipeak tapers,
with N = 8. The MOGDF has a lesser MSE as compared to
MT-MAG, even though its bias is larger. This establishes that
the variance of spectral estimation takes a priority as opposed
to the bias. Also, the variance and MSE values of MT-MOGDF
with both tapers are better, and Thomson tapers give the least
variance, across both phonemes. The multipeak tapers provide
the best MSE for the phoneme /a/ as expected, since this
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Fig. 3. Bias and variance of the spectrum for multipeak taper with MT-MAG
(left), and MT-MOGDF (right) for different number of tapers for the phoneme
/a/ . Even in this case, the larger bias - lesser variance trend of MT-MOGDF
representation in comparison to MT-MAG representation is observed.
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Fig. 4. Bias, variance and MSE of the spectrum for the phonemes /a/ (top row)
and /s/ (bottom row). The MT-MOGDF provides a lower MSE in comparison
to MT-MAG, for different tapers.
was proposed to estimate peaked spectra. Similarly, Thomson
tapers perform the best in terms of MSE with phoneme /s/.
The performance of both techniques in the cepstral-domain
is considered, as given in Fig. 5. Cepstrum representation
using MT-MAG and MT-MOGDF is obtained by computing
the DCT of the log spectrum as given in (11). As expected, the
bias and variance of both estimates are reduced as compared
to the spectral-domain. The MT-MOGDF representation gives
a lesser variance for nearly the same value of bias, compared
to MT-MAG. The improvement of MT- MOGDF over MT-
MAG is less significant in cepstral-domain, for the considered
phonemes. Even here, MT-MOGDF with Thomson taper is
found to have lesser variance. The performance trend in this
case is similar to that seen in the spectral-domain.
IV. APPLICATION: SPEAKER RECOGNITON
As an application-study of the proposed technique, a speaker
recognition system is considered that uses the proposed MT-
MOGDF features. The features chosen for comparison are
the cepstral-domain features extracted using the periodogram,
MOGDF [], MT-MAG and the MT-MOGDF spectrum esti-
mates. The cepstral coefficients are then obtained by multiply-
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Fig. 5. Cepstral-domain bias and variances for the phonemes /a/ (top row)
and /s/ (bottom row). For MT-MOGDF, bias variation is similar to that of MT-
MAG, while variance obtained is much lower compared to spectral-domain.
TABLE I
DCF AND EER PERFORMANCE OF A SPEAKER RECOGNITION SYSTEM.
Metric No of
Spk.
MFCC MOGDF MT-
MAG
MT-
MOGDF
DCF
×100
10
20
30
40
50
3.00
4.50
8.00
9.00
9.00
0.30
5.50
6.00
8.00
8.00
1.00
3.50
5.00
6.86
8.22
0.00
2.50
5.67
6.00
6.40
EER
10
20
30
40
50
11.33
10.00
13.33
12.50
8.65
3.33
5.00
6.67
6.98
8.00
1.11
5.00
3.33
5.00
2.00
0.00
1.31
3.33
2.50
2.00
ing the estimated spectrum with the response of a Mel filter
bank, followed by a logarithm operator. An associated GMM-
UBM system is trained for a varying number of speakers
and the corresponding EER and DCF (according to SRE10)
values are tabulated in Tab. I. Among the considered methods,
the MT-MOGDF features are most effective, and provide an
improvement of around 20% in comparison to the next-best
MT-MAG feature set, averaged over the number of speakers.
This improvement is attributed due to the reduction in the
variance and high resolution properties of MT-MOGDF.
V. CONCLUSION
In this paper, a novel representation for speech signals
is proposed using multitaper-modified group delay functions.
The proposed feature can be used in many speech applications,
and in particular, among those that require information of
speaker and speech. With different set of phonemes, it can
be shown that the proposed method performs better that
the existing multitaper-magnitude (MT-MAG) estimation tech-
nique, in terms of variance and MSE, both in spectral- and
cepstral-domains. The performance of the proposed technique
is in particular found to be the best with Thomson tapers.
The computational requirements of the proposed technique is
comparable to that of MT-MAG. Additionally, the utility of the
proposed method is presented in a speaker recognition setup
with an improvement of around 20%.
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